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§ 6.4 Taylor 's Theorem

Recall Taylor 's Theorem ( Thm 6.  4.1 )

Thm ( Taylor 's Theorem ) Let f :[ a ,b ] → R be  a  function

such that f
,

t
'

,

"

:  f
"

are  continuous  on [ a ,b ] and

f
" "

exists  on ( a ,b )
.

Then for  each fixed xo e tab ]
,

for  
any

× E  
[ d. b ]

,

there exists  c between ×  and xo such that

f ( × ) =

Tnk
) + Rnlx )

where

Tnlx
) =  TKD + FKDIX - xD .tt#dcx.xo5+...+*nYdlx-xop

is the nth Taylor polynomial of f at *  o
,

and

put
'

)( c)

Rnk ) =

Tnt .

l*×d
" "

is  the Lagrangian form of the remainder



$6.4 Q9 )

Q 1) Let f : RTR be defined by tcx ) = sin  x

Show that for  each fixed Xo EIR
,

for  all ×  ER
,

ki→m
.

Rnk ) - o

Sol
. For each fixed xo ER

,

XER and n E IN
,

we  would like  to  compute Rnkl

Note  that flx ) = sinx ; f 'Cx ) = cusx

f
"

( x ) =
-

sinx ; f
" '

b) =
- cosx

than =  sin  ×  
.

.
.

Therefore
,

for  each MEN
,

gimyx , = {
t "

"

sin  ×  .
it m=2k  for some Ken

(
- Dk

"

as ×  ,
if

m=2k
- 1 for some KEHV



Hence  we have 2 cases :

Case 1 :  n - 2k
,

7- k  C- IN :  then

Rnlx ) = tykl.lt#(x.xd2k
"

=

Hskcosc
( 214 , )g

( X - xojkti

for  some c between X  and xo
.

Then

1141×11
=/tykuaijf(x.x.int/slx-xol

" "

=

lxxoi
"

( Zktl ) ! ( htt ) !

Case 2 :  n -

21<-1
,

7- k  C-

1NU{
0 } then

Rnlx ) =
4

"

"cc)

the
. xD

"

=

thksinc

(2141 ,

( X - xojk

for  some C between X  and xo
.

Then

1141×11 =/ tykkgifc(

x.x.tk/El*xol2k=lx-xoF
"

( 2k ) ! lhti ) !

Therefore
,

in  

any case ,  we have |Rn(×)| {
1×-61

" "

( nil ) !

ntl

Note that lim 1×+01
= 0 ( by Ratio test )

n lntl ) !

Therefore
, by Sandwich Theorem

,
ftp.Rnlx) =0



( § 6.4 QIO )

QZ
) Let f : R - 112 be defined by

a) = {
e*

.

x*o

0
, x=o

Show  that 4h40 ) - 0
,  fw all new

Hence show that the Rnlx ) F 0 at xo=o
,

for  all ×

Sol Note  that for  ×*o
,

ttx ) = ÷3E* ;

f "lx)=
-

¥ E
*

 
+ ¥ . Exe

'

'*= ttf + E.) E
*

.

'

. We would like  to show the following claim '

Claim 1- FNEIN
,

then exists  a polynomial

MY
)

with positive leading coefficients

i. e . Pnly ) = Amuym+  " it  do ,n
,

 
where Am

,n
> 0

and f "lx)= pnltx ) E±
, t×=o



Pf of claim -1 Induction  on  n
:

Base step : n=l ; Chase p , 4) = 2×3
, them

fhx ) = Is e-
*  

=p , # e-
*

.

.

'

.

hit is true

Inductive step : suppose the claim holds  for h=N :

fmlx ) = pnkx ) e-
*

, fxto

when n= Ntl
,

differentiate the above  equation yields

fwt
"

IN = ( Pnltx ) e
 * )

'

- pitta . Exile
#

+

pnk.lt#Et*)=ttxiPn'kd+EPnitxI)e*

Have
,

set Pm, ( x ) =
- EP 'nl¥)+ ¥3 Pnltx )

,

Note  that 243 PNIY) has higher degree than - Y2Pn' ly )

and Pnlxl has positive leading coefficient
,

! . Pnnlx ) has

positive leading coefficient .

.

'

.

The claim  is true for n= Ntl

Therefore
,

f
" 'M = Pnltx ) E

±
,

V. new ,
fxto #



We  then
prove  the main question

:

Claim 2 : Yu C. 1N
,

ftnlo ) - o

Pf of claim 2 :

Base step
!

n=1 ; h4o)= lxisnhk
' - hlo )

X - 0

= lxinfo E÷ ; Let
y

- I
,

 then x→o⇐sy→ .

= lying
.

Yen  = ftp.zyty ( L' Hospitals Rule )=O

.

'

.
The claim is  true  for n=1

Inductive step : Suppose the claim is  true  for  n=N
,

hmlo )=O

When h= N 't
, him "lo)= xhsmo

hmlx ' - hmlo )

x - 0

= lxisno Pnltxleit
"

1 by claim 1)



Let y=I ,
then x→o ⇐  has

.

'

.

= fines Yekf" = O

by noting that e
't

= It
'

it
. . .  +

E.
+

Rnly
)

3 Y
'

. pnly ) for sbliciently large y

and hence Of YEPYY
)

f ty for suttrcientty large y

w

( ii Pn has positive leading coeeeicient )

i . The claim is  true  for n= Ntl
.

Hence
,

fl "
10 ) = 0 for  

all new

Finally , apply Taylor 's Theorem at xo - 0 for  eachNGIN

Tlx ) =  

Tnk ) + Rnlx ) = Rnlx ) as ft%)=0
,

FKEIN

-

'

' nlijna Run ) =  f(×)=e
' ¥

1=0 for  all XEIR
.



( Supplementary Exercises QZ )

Q } ) Show that for × E  E 'z
,

1 ]
,

loglltx ) = FE
,

thigh
= x. ¥  + ¥ .

...

Sol Let f : I - Ii  +  a) → IR be defined by

flx ) = log 1 HX )

Note  that f-
'

k ) = ¥× ; y
"

( x ) =
- ¥ ,

,

f "l×s=F+×I

In general ,
we  see  that  flkkx ]=

ask'k .ill .

( ltxjk
 ,

KK  e 1×1

.

"

. At xo=o ,
Tnk ) = Ho )  + Fatallyxk =⇐

,
tY÷×k

htl

and Rnlx ) = fifthly,n+ ,
.  c between 0 and ×

By Taylor 's  theorem
.

for  all xe this )
,

n  HN
,

fw= logatx ' = ,¥Y'÷x'
 '

+ YnfYIY÷a .



We then study when does Rnlx ) → 0
as h→a :

Claim

lninhpnlx

) = O for × EEI
,

1 ]

Hoe Claim
Run , =

HYX
"

I Hcjntntt )

Case I : X E [0/1] : then 1×1<-1 ;

Also
,

CE [ OIX ] ⇒ czo ⇒ the { 1

.

'

. |RnN ) { n't ⇒ hints #1×11=0

and hence linmarncx)=o Corrected version

IIIYEIYIIYi.ME#
i. ( t¥5" e ( It "=1

in IRNKH 5 ¥
,

and similarly lImRnk)=O - 171

Therefore
,

for XEE 's
,

1 ]
, loglltx ) =  Idol-1M¥



( Supplementary Exercises 3)

Q4
) Express  

-12+112+3×4 in the form .

Aot  A
,

1×-1 ) +  Ck ( × . 1)
'

+  as ( X . 1)
3

+ aqlx - 1)
4

Sol ) Let fcx ) = -12 -1×2+3×4 :  then

fYx)= 2×+12×3 ; F
"

( × ) = 2+36×2 ;

T "( x ) = 72× ;  f
"  '

( × ) = 72

AtXo=1
,

Twx ) =  fll ) +  f 'll ) ( × - 1) + ¥4 ( × . .pt#z&cx.n3+fYIcx.,5
(

= - 8+14 ( ×
-

1) + 19 ( × - i )
?

+ 12 ( x . 1) 3+3 ( X - 1)
4

Ralx ) = 455¥ ( × -1,5  
= 0

.

'

. By Taylor 's Theorem
,

f( X ) = Tg ( x )  + R¢l× )
= - 8+14 ( x . 1) t 191×-174121×-133+3 ( x-D

"



( Supp . Ex
.

4 )

Q 5) Let f ! /R→/R be infinitely differentiable function

If A polynomial plx ) =  anxhtntao
,

7- C > 0 I XOEIR st .

Ifk ) - pcxsl ECIX - x. In
"

,
for  all × e Vslxd

then Plx ) = Tnlx )
,

where Tnlx ) is nth . Taylor polynomial at  xo .

501 By Taylor 's Theorem
,

FK ) = That Rnlx )

.

'

. for  all × E Vslxo )
,

1 Tnlx ) -

PK ) 1 EKnlx ) - fix )| + Ifk ) - Pky

f IRNK ) It Clx . xoln
"

= (HINISH + C) kxdht
'

E ( C

'+C
) Ix . xdh "

uhm a =
yE¥a,

#
 "  '

4) I

Tnt
.

White C "=C' + c



.

'

,

1 Tnlx ) - PCDIEC
"

IX.  xol
" "

,
txe Vslxo )

.

On  The  other hand
.

Write Tnk

)=bn(X.xdhtntboThen ITNM -

pnlx )| = 1 ( bn -

an)(× . xp
"  t "  . + Lbo . a.)

1

1 |( ba - an

)H
-

xdnt
.  

. . + ( bo - a.) 1 { C "lx . xolht
'

substitute X=X .
above

,

Ibo -901<-0
,

ice . ao = bo

<

'

,
I ( bn -

au ) ( kxd
"  

tat ( b
,  

- a.) ( x . ×d|Ec
"

IX. Xolh
"

divide both sides by ix.  xo ) yields

I ( bn - an ) ( x . xdmt . .  . + ( b
,  

- 9) I E C "1x . xoln

Again ,
substitute X = Xo gives bi = a

,

Iterate the above procedure  until Ibn - an IEC "l× ' xol

and hence by  = ay ,
Vj=o ,

I
,

... ,n

.

'

, plx ) =  Tnk )


